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We give the first rigorous (non perturbative) proof of Luttinger liquid behav-
ior in the one dimensional Hubbard model, for small repulsive interaction and
values of the density different from half filling. The analysis is based on the
combination of multiscale analysis with Ward identities based on a hidden and
approximate local chiral gauge invariance. No use is done of exact solutions or
special integrability properties of the Hubbard model, and the results can be
in fact easily generalized to include non local interactions, magnetic fields or
interaction with external potentials.

KEY WORDS: Interacting fermions; spin; Ward identities; Renormalization
Group.

1. INTRODUCTION
1.1. Historical Remarks

The Hubbard model describes electrons in a crystalline lattice, hopping
from one site of a lattice to another and interacting by a repulsive (Cou-
lomb) force with coupling U > 0. Such a model in the theory of interacting
electrons has the same role of the Ising model in the problem of spin-
spin correlations, that is it is the simplest model displaying many real word
features: it is however much more difficult to analyze. It is believed that
the Hubbard model gives a correct description of the properties of many
metals due to the interactions between conduction electrons: for instance
the phenomenon of Mott transition, the anomalous properties of high T,
superconductors or the singular properties of quantum wires. However the
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mathematical complexity of the computations is such that this belief is still
far from be substantiated by solid arguments. While our understanding of
the Hubbard model in higher dimensions is really poor, the situation is of
course better in d =1; the interest in such a case is not purely academic
as in this case the model is believed to furnish an accurate description of
real systems like quantum wires.

In the sixties Lieb and Wu('® solved the 1d Hubbard model by using
a lattice version of the Bethe ansatz.? It appeared that eigenstates of
the 1d Hubbard model can be constructed by solving a complicate set
of equations essentially identical to the ones already solved by Gaudin!¥
and Yang®® in the context of fermions with §-interactions. If only the
states of Bethe ansatz form are considered, one sees that the system is
insulating at half filling and conducting away from half filling. Not all
the states are Bethe ansatz states; however it was shown in ref. 10 that
in the half filled band case all the remaining states can be obtained from
the Bethe ansatz states using the SO(4) symmetry of the model. Recently
Lieb and Wu have reconsidered in ref. 18 their analysis of the 14 Hubbard
model and have outlined a strategy for a proof that the lowest energy state
of Bethe ansatz form is really the ground state; in particular it was shown
that such a property can be deduced from two assumptions: (a) that such
a state is a continuous function of the coupling U and (b) that its norm
is not identically zero. Such two properties were recently proved in ref. 13
in the half filled band case. Of course many other results were derived by
Bethe ansatz solution, see for instance refs. 20 and 25.

While the analysis by Bethe ansatz gives very non trivial informations
on the spectrum, it is essentially of no utility for computing the correla-
tions, which are the quantities more directly related to physical observables;
even if one has the full form of the wave functions (what is actually not the
case, as the Bethe ansatz gives them as the solutions of complicate integral
equations), computing the correlations from them is essentially impossible.
In particular, an important question which cannot be answered by the exact
solution is if the Hubbard model is a Fermi liquid or a Luttinger liquid.
The notion of Luttinger liquid was introduced by Haldane!® in the early
eighties. While a Fermi liquid is an interacting fermionic system whose low
energy behavior is close to the one of the free Fermi gas, a Luttinger lig-
uid behaves as the Luttinger model; a model describing spinless fermions in
the continuum with linear dispersion relation and short-range (non local)
interaction. The linear dispersion relation has the effect that infinitely many
unphysical fermions must be introduced to fill the “Dirac sea” of states with
negative energy. This makes the model a bit unrealistic and of no direct
applicability to solid state physics but, on the other hand, the choice of a
linear dispersion relation has the effect that, contrary to all other models of
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interacting fermions, the Luttinger model correlations can be explicitly com-
puted, see ref. 19. The popularity of the Luttinger liquid notion increased
greatly after Anderson’s proposal(!) that the high-7, superconductors are, in
their normal phase, Luttinger liquids; this proposal was based on the conjec-
ture that the Hubbard model in one or two dimensions has a somewhat sim-
ilar behavior, and in particular that they both show Luttinger liquid behavior
at least for some range of the parameters. Up to now there is no agree-
ment even at an heuristic level on theoretical evidence of Luttinger liquid
behavior in the d =2 Hubbard model. On the other hand Anderson’s pro-
posal stimulated a number of studies about the Luttinger liquid behavior in
d =1, as a natural prerequisite to understand the same question in d =2.

Numerical simulations of the correlation functions gave evidence®!
that the d =1 Hubbard model is indeed a Luttinger liquid; subsequent
analytic (but heuristic) results by refs. 22 and 11 confirmed this result for
large values of U, finding also that the correlations verify an important
property, the spin-charge separation. For small U the evidence for Luttin-
ger liquid behavior is based on the two following facts:

(1) The d =1 Hubbard model should be equivalent, as far as low
energy property are considered, to a generalization of the Luttinger model
to spinning fermions, the so called g-ology model (with a suitable choice of
the couplings).

(2) Contrary to the Luttinger model, even the g-ology model is not
solvable. However Solyom®* by Renormalization Group (RG) analysis
truncated at two loops showed that the g — ology model scales iterating
the RG to the Mattis model, a model which is indeed exactly solvable and
which shows Luttinger liquid behavior.

Given the above two facts, the formulas for the correlations of the
d =1 Hubbard model are usually approximated with the formulas for the
correlations of the Mattis model, see for instance ref. 24; this is however
quite unsatisfactory for a number of reasons.

(1) Assuming the equivalence of the Hubbard with the g-ology model
means that the effects of the lattice and the corresponding Umklapp scat-
tering terms in the Hubbard model are completely neglected, as the g-
ology model is a continuum model with linear bands. There are however
strong indications that this approximation gives completely wrong predic-
tions at least for properties like the thermal or electric conductivity.(2?)

(2) The conclusion of ref. 24 that the Hubbard model scales iterat-
ing the RG toward the Mattis model is based on a number of peculiar
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cancellations in the perturbative expansion, checked up to two loops. Of
course, without an argument stating that the cancellations are present at
any order, this conclusion is only perturbative and not very solid; if at
higher orders the cancellations were not present, the effective coupling
constants could increase without limit making the analysis meaningless.

As a conclusion, the enormous number of results on the d =1
Hubbard model can be roughly divided in two main classes. A first class
are the exact results, based on the Bethe ansatz approach. They are (essen-
tially) rigorous but they give no informations on the behavior of the
correlations. Moreover they are not very robust, as they rely on delicate
integrability properties of the Hubbard model and cannot be used to face
apparently harmless modifications of the Hubbard model (for instance
considering nonlocal but short ranged interactions). The second class of
results is obtained by a combination of techniques (numerical simulations,
bosonization, Renormalization Group) and indeed they give informations
on the correlations, but these results are not rigorous.

1.2. The Luttinger Liquid Construction

In a series of paper®”) a general proof of Luttinger liquid behavior
for spinless interacting fermions (without any use of exact solutions) has
been completed. The conclusion is that interacting spinless fermions are
generically Luttinger liquids (independently from the dispersion relation,
the presence of a lattice, the sign of the interaction, etc). A perturbation
theory based on Renormalization Group ideas is constructed, and the cor-
relations are written as a series not in the strength of the interaction but
in terms of a set of parameters called running coupling constants, describ-
ing the effective interaction at a certain momentum scale; the expansion is
proved to be convergent (and analytic) if the running coupling constants
are small, see ref. 4, as a consequence of suitable determinant bounds for
the fermionic truncated expectations. On the other hand, the property that
the running coupling constants remain in the convergence radius of the
expansion is not trivial at all and is due to remarkable cancellations at any
order in the expansion. More exactly, the running coupling constants ver-
ify a set of recursive equations, whose Lh.s. is called Beta function, and
their boundedness is a consequence of dramatic cancellations happening
at any order in the Beta function. In order to prove such cancellations
one decomposes the Beta function in the sum of two terms; one, called
dominant part, which is common to all spinless d =1 Fermi system, and
the second part which depends on the specific model and which gives a
bounded flow once one has proved that the dominant part is asymptotically
vanishing. The problem is then reduced to the vanishing of the dominant
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part of the Beta function,which coincides with the complete Beta function
of a model, called reference model, describing interacting spinless fermions
with an ultraviolet and infrared cutoff. The proof of vanishing of the Beta
function is then reduced to the proof of suitable (highly non trivial) Ward
Identities between the correlation functions of the reference model,(®) for
any value of the infrared cutoff. The problem of implementing Ward iden-
tities in a model with cutoffs (and in a Renormalization Group scheme)
is a well known problem in Quantum field theory or condensed matter
physics. In refs. 5 and 7, a solution for this problem was given by finding
suitable Correction Identities relating the corrections to the Ward Identities
due to cutoffs to the correlations themselves. By combining the Ward and
the Correction Identities the vanishing of the reference model Beta func-
tion is proved and the rigorous construction of the correlation functions
for spinless Luttinger liquid is then completed.

Aim of this paper is the extension of the Luttinger liquid construc-
tion to the d =1 Hubbard model; such extension is not straightforward
at all as the Luttinger liquid is not the generic state of spinning inter-
acting fermions. The conditions of repulsive interaction U > 0 and not
half filling must be imposed; technically this is reflected from the fact that
the expansions we find cannot be analytic in a circle around U =0, as it
would be in the spinless case, and U must be chosen smaller and smaller
as we are closer and closer to half-filling. We will define an expansion
for the correlations in terms of running coupling constants, but the pres-
ence of the spin increases greatly their number; crucial symmetry con-
siderations (based on the SU(2) spin invariance of the Hubbard model)
and geometrical constraints reduce the number of the effective interac-
tions (which is one in the spinless case) to three (in the not half-filled
band case) or four (in the half filled band case). Again the running cou-
pling constants verify a recursive relation, whose r.h.s. is called Beta func-
tion, and the expansion is meaningful only if the running coupling con-
stant are small at any momentum scale. One can decompose the Beta
function in a dominant part and a rest; it turns out however that the
dominant part is not vanishing. Calling the three (in the not half filled
case) effective interactions g1, g2, g4, it turns out that, truncating the beta
function at the second order, g; tends to vanish (if U > 0) while g;, g4
remains close to their initial value. In order to prove that such a result
is valid non perturbatively, that is including all orders contributions, one
has to prove a property which we will call partial vanishing of the Beta
function. Such property is derived by a suitable reference model, which
verifies formally (if cutoffs are neglected) proper gauge symmetries. Quite
surprisingly, the cancellations on Beta function of the Hubbard model,
which verifies an SU(2) spin symmetry, will be obtained by a reference
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model not SU(2) invariant. We derive suitable Ward and Correction Iden-
tities for the reference model, and by them the partial vanishing of the
Hubbard Beta function is proved. Hence the running coupling constants
are small if Uis small enough and the rigorous construction of the cor-
relation functions for Hubbard model is completed. The analysis can be
easily generalized to include the presence of a magnetic field or non local
interactions.

Finally, we stress that the computation of the correlations in the cases
left out by the present work, that is in the half-filled band or in the attrac-
tive case, is a very complex and important open problem. In such cases the
running coupling constants tend to increase iterating the Renormalization
Group and convergence of the renormalized expansion is obtained only
up to exponentially small temperatures; this is probably related to the fact
that from the Bethe ansatz analysis the system is an insulating at half fill-
ing. Similar problems appear in d > 1 Hubbard model; one can still define
by Renormalization Group methods an expansion for the correlations in
terms of the running coupling constants (indeed they are functions in d >
1), but they tend to increase iterating the Renormalization Group, as a
consequence of the various quantum instabilities (like superconductivity)
which are expected at low temperatures. Hence rigorous results for the
correlations in interacting Hubbard-like models in d > 1 are at the moment
found only when instabilities are absent; this can be obtained or con-
sidering large enough temperatures, like in refs. 3, 9, or in presence of
large external magnetic fields making the Fermi surface asymmetric, like
in ref. 12.

1.3. The Hubbard Model
The Hubbard model Hamiltonian is given by

_ + - + _
H=-t Z Z (ax»ffax+l,a +ax+1,aax,a)

xeAo==%
+ - o+ - + -
+U Zax#ax’_s_ax,_ax’_ —u Z Z ay 50y o (1.1)
xeA xeAo==%

where A is an interval of L points on the one dimensional lattice of step
1, which will be chosen equal to (—[L/2],[(L —1)]/2) and a;—fa is a set
of fermionic creation or annihilation operators with spin o = +satisfying
periodic boundary conditions; t =1/2 is the hopping parameter, U >0 is
the coupling and u is the chemical potential. The Hamiltonian verifyes an
SU(2) spin symmetry.
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A generalization of the above hamiltonian including the effect of a
short-ranged (instead of a nearest-neighbor) interaction, and the presence
of a magnetic field, is the following

1
— + - + - + o=t
= 2 Z (@50 1,6 T i1,00,0) TU Z v(x —ylay yay yay _ay

XEA,0 x,yeA
+ = + = + =
— Z al ,a, ,+h Z(ax’+ax‘+ —a, _a, ) (1.2)
XEN, 0 XEA

When the interaction is given by Uv(x —y) =US6y,y + Vé,41,y, the model
is known as the U-V model.

We consider the operators a
will be called time variable.

Many physical properties of the fermionic system at inverse temper-
ature B can be expressed in terms of the Schwinger functions, that is the
truncated expectations in the Grand Canonical Ensemble of the time order
product of the field a_ at different space-time points. If

X,0

£ _  Hxout ,—Hxo

X0 o , X=(x,x0) and xo

Tre PHX
(X)Lp= TrePH (1.3)
the Schwinger functions are defined as, if e=+
SL,ﬂ(Xla £1,01; -3 Xp, Ep, Op) = <a78(i,01 .. -a)g(i,,a,,>L,/3 (1.4)

We will denote by S(xi,...) the limz g, of (1.4). An important role is
played by the two point Schwinger function

Spp(x,+,05y, —,0)=SL g(x,y) (1.5)

Denoting by S‘L’/g(k,xo) the Fourier transform of Sy g(x) with respect to
the x variable, ny ES’L p(k,07) is the occupation number, the average num-
ber of particles with momentum k. Another important physical quantity is
the density-density correlation function

Qx,y = </0x,0y) —{px) (Py) (1.6)

where px =), _, af a;,.
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1.4. The Non Interacting U =0 Case

The two point Schwinger function in the non interacting case is given
by, in the limit L, 8 — oo

e~ ik(x=y)
S = dk dk——m—— 1.7
0. y) = / 0/_,, —iko+p—cosk (4.7)

where k= (k, ko). It is easy to check that one can write, if u=cos pOF and
vg =sin p%

;0
AP (=)

Ssxy=S T Lax, 1.8
0(X,y) gvoxoﬂerg(x y) (1.8)

with |g(x,y)| < 6 a positive constant; that is, the two point

c
Schwinger function decays as O(|x —y|~!) oscillating with period plo
Important physical properties are: !

. (D ‘ The occupation number is given by n; = x (|k| <p?,), that is it is
discontinuous.

(2) The bidimensional Fourier transform of the density correlation
function has singularities at (:I:Zp%,O) and (0,0); in (:th%,O) it has a
logarithmic singularity while in (0, 0) the Fourier transform is bounded.

(3) The one dimensional Fourier transform at xo=0 of the density
correlation is continuous, while its first derivative in k has a first order dis-
continuity in k=0, :I:Zp%.

1.5. Main Result
Our result can be informally stated in the following way

In the not half filled band case and in the weak coupling regime, the
(repulsive) Hubbard model (1.1) is a Luttinger liquid.

A more formal statement is the following theorem.

1.6.

Theorem 1. Consider the hamiltonian (1.1) with —1 < u <1 and
w#0 (not filled or half filled band case); there exists an ¢ >0 such that,
for 0<U<¢
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(a) the two point Schwinger function (1.5) is given by, in the limit
L,B— o0

+S(x,y) (1.9)

Sxyp=Y el oPrey) 1+ 4,(x,¥)
X,y)=
V= oy +iot—y  x—yl

with
n=aU?+U?fy(U) pr=cos™'u+ fiU) v=vo+ f(U) (1.10)

where a >0, [fo(U), [ /1), | 2(U)|<CU and

071070 A (X, Y)| S CU 1S WI< (1.11)

|x —y[notm +Ix -yl
for suitable positive constants C,6, if 3 denotes the discrete derivative.
Moreover the occupation number ny is continuous at k==4pp but its first
derivative diverges at k==+pr as |k — (pr)| 117

(b) The density-density correlation function (1.6) can be written as

Q0 =c0s2prx)Q° (%) + Q" (x) + Q°(x), (1.12)
with
a _ 1+A1(X)
QUx) = 2n2[x2+(vx0)2]1+771 >
bix) — 1 X3 — (x/vo)?
e = 2”2[x2+(vx0)2]{x2+(v0x0)2 +A2(X)}, (1.13)

[AiI<CU  [Q°X)I< (1.14)

1~|—|x|2+9’

for some constant C, where n1 =—>bU 4+ U f4(U) with b>0 and | f4(U)| <
CU. Finally for «=1,2 and if Cy,,, is a constant

- C i
|8;’18f§Aa(x)|<% (1.15)
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(c) Let Q(k), k=(k, ko) e[—m, 7] x R!, the Fourier transform of Qx.0-
Then near k= (0, 0)

1Q(K)| < o1+ U log [k| '] (1.16)
and, at k=(+2pp, 0), Qk) diverges as
[k — (£2pF, 0)[*" /|| (1.17)

Let G(x) = Q,0ly,=0 and é(k) its Fourier transform. Then é(k) is
bounded and ;G (k) has a first order discontinuity at k=0, with a jump
equal to 14+ O(U), and, at k=42pp, diverges as |k — (£2pr)|*"; for k#
0,£2pF 3G (k) is bounded.

Remarks.

(a) A naive estimate of ¢ in the above Theorem is ¢ = O(|u|*) for
some constant «, for u close to 0; that is U must be taken smaller and
smaller as we are closer and closer to the half filled band case.

(b) A first effect of the interaction is that the Fermi momentum ppg
is modified by the interaction by O(U) terms.

(¢) More dramatic is the effect of the interaction on the long dis-
tance asymptotic behavior of the physical observables; it turns out that the
two point Schwinger function decays faster in presence of the interaction,
while the correlation function decays slower. The large distance decay is
power law with anomalous critical indexes depending non trivially by the
coupling U.

(d) As a consequence the occupation number ng, which in the non
interacting case have a discontinuity at k = +pp, has no discontinuity in
presence of the interaction; this proves that the d =1 Hubbard model
is a Luttinger liquid in the sense of ref. 16. The lack of discontinuity in
the occupation number can be physically interpreted saying that fermionic
quasiparticles are not present.

The interaction changes the log-singularity at k=(4+2pp, 0) of the
bidimensional Fourier transform of the density correlation in a power law
singularity, with a nonuniversal critical index O(U). This enhancement of
the singularity is considered a signal of the tendency of the system to
develop density wave excitations with period 7 /pp, generically incommen-
surate with the lattice. On the other hand the singularity in k= (0,0) is
much weaker, that is at most logarithmic.
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In the same way, the interaction leaves invariant the singularity
of the first derivative of the one dimensional Fourier transform of the
correlations in k=0 (a first order discontinuity) while the singularity in
k=42pr is changed by the interaction from a discontinuity to a power
law singularity.

(¢) The two points Schwinger function and the density correlation
can be written as sum of two terms; one which is very similar to cor-
responding quantities in the Luttinger model, and in which the depen-
dence from pp is quite simple (they can be written as oscillating terms
times terms which are free of oscillations, in the sense that each derivative
increases the decay by a unit, see (1.11), (1.15)) and another (non Luttin-
ger like) in which the dependence on pp and the lattice steps is very com-
plicate; this last term decays faster than the Luttinger like terms but the
derivatives do not increase the decay for the presence of oscillating terms.
The non Luttinger like terms have Fourier transform which is bounded;
however sufficiently high derivatives of the Fourier transform can be sin-
gular for values different from k=0, +tpp, +2pF (such singularities were
indeed observed in numerical simulations, see ref. 21).

(f) Our results provide a proof of Luttinger liquid behavior, but
they are still not enough accurate to prove an important property called
spin-charge separation, which is believed true for the Hubbard model,;
namely that thle asymptotic belhavior of the two point Schwinger function
1S (xg+ivex) 2 T (xg+ivgx)" 27, with v, —vg=0(U) and n., ny,=0({U);
(1.9),(1.11) is compatible with such behavior but is not enough accurate to
prove it. Another property which could be probably proved by an exten-
sion of our techniques is the Borel summability of our critical indexes as
a function of U.

(g) Finally, we could consider a short range instead of local poten-
tial, that is (1.2) with 2=0. In such a case the condition U >0 is replaced
by the condition Ud(2pr) + F(U) > 0, where F(U) is a suitable O(U?)
function. Note that the linear term is vanishing for sufficiently long range
interactions such that 0(2pr) =0.

1.7. The Hubbard Model in a Magnetic Field

Let us consider the Hamiltonian (1.2) with & #0; the presence of
a magnetic field destroys the spin rotation invariance. Moreover it turns
out that one can consider also attractive interactions, if the interaction
is smaller than the magnetic field. Calling Sy 1 p(X,y) = (V5 , ¥y ,)L.p
we prove the following result.
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1.8.

Theorem 2. Consider the hamiltonian (1.2) with —1 < <1 and
0 < h < hg for a suitable constant hg; assume also that cos™!(u + h) +
cos~'(u — h) # 7. There exists positive constants ¢, & (depending on
and &, and &, vanishing as & — 0) such that, if —g, <U <¢; the two point
Schwinger function is given by, in the limit L, 8 — oo

loPE(x—y) 1+ A, (X, _
SU(X’y)ZXw:v(xo—yo)+ia)(x—y) Txf;|ny)+S(x,y) (L18)
with
n=aU?>+0(U3) p%=cos™!(u+sign(o)h)+OU) (L.19)
v=sin(cos™! (1 +sign (0)h)) + O(U)
where a >0 and
079" AR IS CUR =y ™™ IS PIS =g (120)

for suitable positive constants C, 6.

The other statements in the previous theorem can be repeated with
some obvious modifications. The above result says that the Hubbard
model is still a Luttinger liquid even in presence of a magnetic field; this
happens even in the attractive case, if the interaction is smaller than the
magnetic field.

1.9. Contents

In Sections 2 and 3 we write the Hubbard model (1.1) partition
function as a Grassmann integral, and we define a multiscale integration
procedure; we get an expansion in terms of running coupling constants,
whose regularity properties are stated in Theorem 3. In Section 4 we study
the flow of the running coupling constants and in Sections 5 and 6 we
derive the cancellations of the Hubbard model Beta function by Ward
identities and Correction identities of a suitable reference model. Finally,
such results are applied in Section 7 to the computation of the Schwinger
functions and the correlations and in Section 8 the presence of the mag-
netic field is included. We rely on many technical results already obtained
in refs. 4-7 (the presence of spin has a small effect on the proof of con-
vergence, for instance) and we focus mainly on the difference with respect
to the spinless case.
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2. THE ULTRAVIOLET INTEGRATION

We assume pueQN(—1,1), where Q¢ ={uw:|ul, |ux1| <}, where i >
0 is a fixed constant. We call D; g =Dy x Dg, with Dy ={k=2mn/L,n¢c
Z,—[L/2]<n<[(L—-1)/2]} and Dg={ko=2n+1/2)n/B,neZ, —-M <n<
M — 1}; moreover we define

At

=1-8 fcosprp=p—v 2.1

with §, v suitable counterterms to be fixed properly in the following. We
introduce a finite set of Grassmanian variables {&l(i}, one for each k e
Dy g, and a linear functional P(dy) on the generated Grassmannian alge-
bra, such that

[P o 0 o) = LBk, ky001,008 (K1),

posta ) (2.2)
sk) = —iko+i cos pp—tcosk *
We will call g(k) the propagator of the field.
We define also Grassmanian field y is defined by
1 N )
+ +  +ik-
‘(ﬁx’a = ﬁ Z ka’o_e X (2.3)
kEDL,ﬁ
such that
1 —ik(xy) 5 — ot — LB
5 L ko= [ Panic =y, @9

kGDL,ﬁ

It is well known that the partition function Z = (e ##), g can be rewritten
as the limit M — oo of the Grassmann integral

/ P(dy)e™Y (2.5)

where P(dv) is the Grassmann integration with propagator (2.4) and

B/2 N
V= U/ﬂ 2dxo D U U U Y

XEA
B/2 B/2
b [ Y s [ an Y v
-B/2 xeA,o —B X, yEA, 0

2.6)
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where 1t , = %Sy,xﬂ + %5x,>’+1- Let T! be the one dimensional torus,
|k — k|71 the usual distance between k and k' in T! and |k| =]k — 0.
We introduce a scaling parameter y > 1 and a positive function x (k') €
C®(T! x R), K' = (K, ko), such that

1 if K| <ty=apvo/y,

x(K)=x(-k)= { (2.7

0 if |K'|>agvo,

where

K| = /&G + (wollK'll71)?, (2.8)

ap=min{pr/2, (r — pr)/2}, (2.9)

The definition (2.7) is such that the supports of x(k — pr, ko) and
x (k+ pr, ko) are disjoint and the C* function on 7! x R

fuw ) =1—x(k—pr, ko) — x(k+ pr, ko) (2.10)

is equal to 0, if [vg (|k] —pF)||T1]2+k(2) <t§. We define

gy =g (Y g (%, y) (2.11)
with
gu.v.(x y):L Z efik(xfy) fuv(k)
’ LB 5 —ikg—fcosk-+17cospr
L.p
, 1 . i x(k—wpr.k
2 (X, y) = — Z o ik(x—y) Hw_il~X( ©PF 0) 2.12)
LB KDy, —iko—tcosk+1cospr
L,

From the integration over ¥ “) we get
eLBELy — ¢~LBE1 [ P(dyir)) e VO W) Oy =0, (2.13)

e VOWIN)-LBE _ [ P(dy @00 V@) (2.14)
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We will call @) =y (S0, PO (3 (S0 can be written in the form

) 2n
1 N .
0) 1, (K0)y _ (<0)e;
VoW ) = Z (L,3)2” Z Z Hwkia(ﬂ'
n=1 o ki,....ky, i=1
2n
2,(0
XWZ(n,)g,Q(klﬂ" Ko 1) 8 (Zgiki) , (215)
i=1
where o = (o1, ...,02,), o=(wi,...,wy,) and we used the notation

§(k)=8(k)8(ko), SU)=LY Sk2mn, 6(ko)=PB8k.0- (2.16)

nez
We prove in the Appendix that
W ki, ko 1) < LBC max(U, [v]y™(n/2) 2.17)

The SU(2) spin invariance implies that the quartic terms have the follow-
ing form

1

(0)
5 Wi, ke D8 (Z sikl-)
k],..,k4 o i

XV, o V0 Vit o Vo T Vi 0 Voo Vit o Vg, o] (2:18)

where Wioa)) is spin independent.

3. THE INFRARED INTEGRATION
3.1. Quasiparticles

We define also, for any integer 4 <0,

&)= xy ") — x(y "K); 3.1
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we have, for any h <0,

0 -
X®)= " fk)+x(r K. (32)

h=h+1

Note that, if 2 <0, f,(k')=0 for [kK'| <toy"~! or [K'|>toy"*!, and f, (k)=
1, if |k'|=19y". We finally define, for any 4 <0:

@) = fulk — pr, ko) + fulk+ pr, ko); (3.3)

This definition implies that, if & <0, the support of fh(k) is the union
of two disjoint sets, A and A, . In A}, k is strictly positive and |k —
prlly <agy” <ao, while, in A, k is strictly negative and ||k + prll1 <
aopy™. The label h is called the scale or frequency label. Note that, if
ke Dy g, then [k=+ (pr,0)| =/ (712 + (vor L=1)2, by the definition of
Dy p. Therefore

frk)=0 Vh<hL,,3:min{h:t0yh+1>\/(rrﬁ—1)2+(v0nL—1)2}, (3.4)

and, if ke Dy g, the definitions (2.10) and (3.3), together with the identity
(3.2), imply that

0
I= 3" /) + fuw. (). (3.5)

h=hi g

We now introduce, for any 4 <0, a set of Grassmann variables wlfw such
that ’

[ PO e = Lot 6. 36
where
K,k
e () = Jn (K", ko) 37)

—ikg —fcos(k' +wpr)+icospp
We introduce also the Grassmann variables

1 " 1

+(h +(h +ik’-

x,c(u,)o = 2 : 1‘[/k’,(w),tfe e 3.8)
KeDyL s
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so that
[ PO =08 ) (3.9)
where
=g X OV, (3.10)
'eDL.p

It holds that

0
/P(dw(l.r.))w;g.r-)w;:g;r.) =807 Z Z E_lpr(x_y)g((Dh)(X, y).

h=hLV/3 w==%
(3.11)

The above identity implies that, if F(y@")) is any analytic function of the
variables (")

0 0

h=h g h:hL_ﬂw:_I:
(3.12)

We define also

h
Gl ®= )" fik) (3.13)
k=—00
3.2. Multiscale Integration

The integration of the infrared part is done in an iterative way.
Assume that we have integrated the scales 0,—1,...,2+ 1 and that we
have found

/ Py, o @y e VIVZSLBE, 0y o, (3.14)
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where
5 <) — (<
PZh Ch(dw_(<h)) N 1 l—[ l_[ dwk/( )dw (<h)
k'eD w==+1
o 3 Gy (3.15)
ﬁ k’eD
Ch_ (k)>0
x (—iko+ wvp sink’ + cos pr(cosk’ — 1))1#1;,(5,?
and

o]

V(h)(w(éh)) Z (Lﬂ)z" Z Z lei<z?)3€:n

a K. k/il

2n
><W2(Z)U TR ST (Za,k’ +Zslw,pp>

(3.16)

and in particular the quartic terms have the following form

(L,3)4 Z ZW(h)(k/,..., /3)20:5(2i:sik;+2i:8ia)ipp>

+ - + - + - + -
[wkl 0] ,kaz,wzﬂ wk3,w3,(fwk4,w4»0 + wkl 01,0 wkz,wz,awksywsﬁv 1pkzw%*(f]
(3.17)

Note that there exists a scale 4 such that, for # <h are present in (3.17)
only the monomials verifying

4
> eiwipr=0. (3.18)

In fact by the compact support properties of the propagators
132, &k || ;1 <4agvoy”*! and if (3.18) is not satisfied | P £iwi pF | ;1 2
Clpr —%| as the condition |u| > v surely implies that [pp — 71>0, for U
small enough (than O(it)); hence =0 (log|pr — 5.
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3.3. The Localization Operator

We split the effective potential V) as LV + RV where R=1—
L and L, the localization operator, is a linear operator on functions of
thehform (3.16), defined in the following way by its action on the kernels
W2n NoN

(1) If 2n=4 we define

h I i i
LW Ky Ky =L ‘(S(ZeiwipF)Wjiiw(k++,k++,k++),

(3.19)

where l_(,m/ =L~ y/np~ 1.
(2) If 2n=2 (in this case there is a non zero contribution only if w| =
w2)

L B
Wz(hﬁw(k)—4 > Wz(’;w(knn/){l—l—n;Jrn’;ko}, (3.20)
n,n'==%1

(3) In all the other cases

L

2n,0,w

K,.... Ky, )=0. (3.21)

In the not half filled band case pr # 7 the condition §(D_;_; &iw; pr) #
0 is equivalent to the condition Z?:l giw; 0. Then the action of L if
n=2 is non trivial only if Z?:l eiw; =0 and there are only the following
possibilities for w1, wo, w3, wy:

(0,0, -0, —0); (0, -0, —0,0); (O 0 o0, o) (3.22)

In the half filled band case pr = % the action of £ is non trivial also if
W] =wW3=—w)=—w4.

We get, in the not half filled band case

VP ) =y E® @)+ 20 FP @) +an FP () + iy ()
2 Fy D)+ van Y ) (3.23)
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where

z_zzwk’wawk’wo

k' w,o

_L Z(_lkO) Z 1’”k’,a),a wk’,w,o
Kk’ w,o

1
F,= ﬁ_L Z[a) sin pr sink’ +cos pr(cosk’ — 1)] Z wlj;,w,a Vi w0

k’ w,0

Flz(ﬂ;L)A‘ Z ZZS(ZSI >wk,wowk’ 7wowlj_ wawk’wa/
KKy Ky k), @ 0.0
1

F2=(,3T)4 Z Z 8(28l )wk, wawk’ wawk’ —wa’wk'

! ’ ! ’ /
k| .k5.k3 .k w,0,0

1
F4:(,3T)4 Z ZS<Z& )wk,wawk/wawk’wawk’wa’

ki K k) k) @0 i

Note that

Vo n = W (wpr, wpr, —wpr, —opr)
vin = W (wpp, —opr, —wopr, wpr) (3.24)
van = W (wpr, opr, opr, opr)

and in particular
Ya0=U00)+0U?) 10=U0(0)+0WU? y10=UdQ2pr)+0U?

In the case of local interactions v(p)=1. Note also that the spin symmet-
ric part of ys 5 is vanishing by Pauli principle.

3.4. Renormalization

We write (3.14) as

/PZ;,,C;, (dw(gh))e_ﬁv(h)(\/Thv/(éh))_']gv(h)(mw(éh))_LﬁEh’ (325)
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and we include the quadratic part of LV™* given by z, [dk'Y", , ¥y,
(—iko+ wsink’ +cos pr(cosk’ — 9)1/™ in the free integration; we call

5,0

Lot = cy® —z, f dx'y " yd

w,0

x (—iko+wsink’+cos pr(cosk’ — D)y, (3.26)
so that we obtain

—Lyh (Shyy_ (h) (Shyy_
/Pz,,_l,ch(dl”(gh))e LVNZp S-RVDJZiy S-LBE, (3 27)

where

5 def —1

Zp 1K) =Zp(1+2,C;, " (K)) (3.28)
It is convenient to rescale the fields:

¥l def
VO Zioy'SY) = 61, A Ziv ) + 82, B Zi1pS)
84, FI ( Zj 0 S) 8 Fa( Zy— S
+y " Fy (V2 S+ RVD (VZp (),
(3.29)

where

Zy

Zy s Zy
Zp—1

= np o= [an — zn] g',h=|:
Zp—1 Zp1 '

Vh

2
] Yin — (3.30)
Finally the r.h.s. of (3.27) can be rewritten as

— _ —_p (<h)
B Lﬁth/PZhil’chil(dw(gh 1))/PZ;,,1,fh‘l(dw(h))e VO 2y S
(3.31)

where

(3.32)

Zn1=Zn(+z1)  faK)= £ (K) [1+ 2 i1 () ]

1425 fn (K')
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and
=(h)
h h h 8w (X,¥)
J P N U =25
1 e~ K (x=y)
= . 3.33
Zy_ 1L,B Z fh( ) —iky+ wvgsink’ +cos pp(cosk’ — 1) ( )

kK’ ED L.B
We then integrate y

/ s @) e VT ) _ VD Zow S ) (33

and the procedure can be iterated.
Note that the quartic terms in £V" can be written in coordinate rep-
resentation in the following way

hyo+ - + - + - + -
> f AXA VS 00 Vw0 Vr 0.0 Vs w0 T Vaoo VswoVn oo Vs o o)
w,o

h — — — —_

81V 0.0 Vw0 Va0 Vo T Vw0 V.0 Vs—w—o Vxw.—o]
h — —

+g4 [w)—:w,a wxz,w,alp)—:wﬁ(rwx,w,fo] (3'35)

where [dx=[dxy)_,. Finally note that the propagator is written as

g x—y) =gl x—y) +rP(x—y) (3.36)

where

" e~ ik(x—y)

8y L (X _y)_,B—Lth( )lk—+wk

and for any positive integer N

J/Zh

() _ -
X =D
It is easy to verify that g(h) verifies the same bound of r(f)h) with a p" less.
We call vi = (vk, 8k, g1.k> 82.k» 84.1), k<0 and v; = (v, 8, U); moreover we call
8k =(81.k> 82.184.n) and pr=(g2.k, g4.t), k <0. The above integration proce-
dure generates a power series expansion for Wz(f’l)o (XI5 - +. , X2) In (3.16) in
terms of the running coupling constants vy, k k=1, ,0,—1,-=2,..., h, which
is indeed convergent if they are small enough. More exactly it holds the
following result.
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3.5.
The following crucial result holds.

Theorem 3. Assume that w # 0,%1 and sup;s, |vk| < ep; assume
Zi ce?. : =
also that, for some constant c, SUPg>p 7 < e“h; then there exists & such

that, for ¢, <& the functions Wz(:)a »(X1s ..., X,) are analytic in the run-
ning coupling constants (Tx)x>, and, for a suitable constant C, o

f X1 .dXy | WA (X1 X)) S (Ceph®)mx /2 gy, G-t (3 37)

Sketch of the proof. The proof is essentially identical to the one of
Theorem (3.12) of ref. 4 about the spinless case. The only important differ-
ence is that there exists a finite scale & = O(log|pr — Z1) such that for
h < h there are no contributions to the effective potential V" (3.16) with
n=2 and a choice of w, ¢ such that (3.18) is not verified. We can write the
effective potential V" (/Z, v SM), for h <0, in terms of a tree expansion,
similar to that described in ref. 4.

We need some definitions and notations.

(1) Let us consider the family of all trees which can be constructed
by joining a point r, the root, with an ordered set of n>1 points, the end-
points of the unlabeled tree (see Fig. 1), so that r is not a branching point.

i i+l B ~10 +1

Fig. 1. A tree r and its labels.
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n will be called the order of the unlabeled tree and the branching points
will be called the non trivial vertices. The unlabeled trees are partially
ordered from the root to the endpoints in the natural way; we shall use
the symbol < to denote the partial order.

Two unlabeled trees are identified if they can be superposed by
a suitable continuous deformation, so that the endpoints with the same
index coincide. It is then easy to see that the number of unlabeled trees
with n end-points is bounded by 4".

We shall consider also the labeled trees (to be called simply trees
in the following); they are defined by associating some labels with the
unlabeled trees, as explained in the following items.

(2) We associate a label & <0 with the root and we denote 7, the
corresponding set of labeled trees with n endpoints. Moreover, we intro-
duce a family of vertical lines, labeled by an an integer taking values in
[, 2], and we represent any tree T €7, so that, if v is an endpoint or a
non trivial vertex, it is contained in a vertical line with index &, > h, to be
called the scale of v, while the root is on the line with index /. There is
the constraint that, if v is an endpoint, &, > h+ 1.

The tree will intersect in general the vertical lines in set of points
different from the root, the endpoints and the non trivial vertices; these
points will be called trivial vertices. The set of the vertices of T will be
the union of the endpoints, the trivial vertices and the non trivial verti-
ces. Note that, if v; and v, are two vertices and vy < vy, then hy, < hy,.
Given a vertex v, which is not an endpoint, x,, will denote the family of all
space-time points associated with one of the endpoints following v. More-
over, there is only one vertex immediately following the root, which will be
denoted vy and can not be an endpoint; its scale is 4+ 1. Finally, if there
is only one endpoint, its scale must be equal to +2 or 2+ 2.

(3) With each endpoint v of scale h, =+2, we associate one of the
three contributions to V(y(SV), written as in (2.6) and a set x, of space-
time points, the corresponding integration variables. With each endpoint v
of scale h, <1 we associate one of local terms in £V~ (3.29); we will
say that the endpoint is of type g;, g» and so on depending on the term
we associate to it.

Moreover, we impose the constraint that, if v is an endpoint and
X, 1s a single space-time point (that is the corresponding term is local),
hy=hy +1, if v/ is the non trivial vertex immediately preceding v.

(4) If v is not an endpoint, the cluster L, with frequency h, is the
set of endpoints following the vertex v; if v is an endpoint, it is itself a
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(trivial) cluster. The tree provides an organization of endpoints into a hier-
archy of clusters.

(5) We introduce a field label f to distinguish the field variables
appearing in the terms associated with the endpoints as in item (3);
the set of field labels associated with the endpoint v will be called I,.
Analogously, if v is not an endpoint, we shall call I, the set of field labels
associated with the endpoints following the vertex v; x(f), o(f) and w(f)
will denote the space-time point, the o index and the w index, respectively,
of the field variable with label f.

If £ <0, the effective potential can be written in the following way, see
ref. 4:

o
VO 2y S+ LBEv =) Y VP, VZiySP),  (3.38)
n=1t€7y,
where, if v is the first vertex of v and 7q,..., 7, (s=s,,) are the subtrees

of t with root vy,
VW (¢, /ZppSM) is defined inductively by the relation

v \/7 (<h)y (_I)SHST 7 (h+1)
(t. vV Zn{ )_T 4

(11, Zpp S L D (7 (ShEDy
(3.39)

and VD (g, /Zyyp (SMD)

(a) isequal to RVTD (z;, /Zuy (ShHD) if the subtree 7; is not trivial;

(b) if 7; is trivial and h < —1, it is equal to one of the terms
in £V®D (329) or, if h =0, to one of the terms contributing to

V<) (2.6).

It is then easy to get, by iteration of the previous procedure, a simple
expression for V" (z, \/Z,¢(SM), for any 1 € Tj, .

We associate with any vertex v of the tree a subset P, of [, the exter-
nal fields of v. These subsets must satisfy various constraints. First of all,
if v is not an endpoint and vy, ... , vy, are the vertices immediately follow-
ing it, then P, CU; Py,; if v is an endpoint, P, =1,. We shall denote Q,,
the intersection of P, and P,,; this definition implies that P,=U; Q,,. The
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subsets Py, \Q,,, whose union will be made, by definition, of the internal
fields of v, have to be non empty, if s, > 1.

Given t €7}, ,, there are many possible choices of the subsets P,, ve
7, compatible with all the constraints; we shall denote P, the family of all
these choices and P the elements of P;. Then we can write

VO (x, Zyy S =3 v (x, P); (3.40)

PeP;

Calling W(h) the kernels of V®(r,P) (see (3.16)) and repeating the
analysis in Sectlon 3 of ref. 4 one gets the following bound (analogous to
(3.105) of ref. 4)

[ ax W< cripegy o

1‘[ X(p){ CLili Pyl Pl (zy, / Zn, - )Pv|/2y[2+};”|+z(f’v)]},

vnot e.p.

(3.41)

where z(Py,) =2 if |Py| =2 and z(Py) =1 if |Py = 1 and
HZ/'GPU S(f)a)(f)pp‘ 1=O; moreover x (P,) are defined so that x (P,)=0

if |P)|=4 , hy<h and Hzfepvs(f)a)(f)pFHTl £0, and x(P,)=1 other-
wise.

We call 2 — ‘L — z(Py) the dimension of the vertex v in the tree. If
no renormahzatlon is defined R =1 then one gets a similar bound with
zy(Py) = 0. Hence if R =1 the vertices v with |P,| =4 have vanishing
dimension (marginal terms) while if |P,|=2 they have positive dimension
(relevant terms). The presence of the x-functions in (3.41) is easily under-
stood by noting that one can insert freely such x functions in momen-
tum space, then one passes to coordinate space and make bounds using
the Gram-Hadamard inequality as in ref. 4.

For any v such that A, <4 it holds —2—{—% +z(Py) > 1, that is the
dimension is negative, while if &, ># it holds —2+ % +2z(Py) =0.

We have to perform the sums over t and P. The number of unlabeled
trees is <4"; fixed an unlabeled tree, the number of terms in the sum over
the various labels of the tree is bounded by C”, except the sums over the
scale labels and the sets P.
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In order to bound the sums over the scale labels and P we first use
the inequality, for a constant 0 <c <1

—[-2+ 2l 4z (Py)]

[Py/2
)y

I1 (Zhu/Zhrl

vnot e.p.

— (ho—hr — _ 1Pyl
<|:l_[(x(ha<h)y_‘(h” hv>+x(hﬁ>h>)] [ xapri=4y o |,
v

vnot e.p.

(3.42)

where v are the non trivial vertices, and ¢’ is the non trivial vertex imme-
diately preceding v or the root. Then it holds that, noting the number of
nontrivial vertices is bounded by n

> []‘[ (x iy <y =) 4 g 215))} SCUA (343

{hi}

v

for some numerical constant «. Finally the sum over P can be done as
described in ref. 4. |

Remark. By (3.42) we get also that the bound for a tree 7 €7, with
at least a vertex at scale k improves by a factor y?"~K; this property is
called short memory property.

4. THE FLOW EQUATION
4.1. Second Order Analysis

By the iterative integration procedure seen in the previous section
it follows that the running coupling constants verify a recursive relation
whose r.h.s. is called Beta function:

Zy_
L T 4.1)
Zy

vi—1 = yop+ B (s ... 1) 4.2)
Sh_1 = 0p, +,3§h)(vh, Lo, 0]) 4.3)

h
gin1 = gin+ By Wny .., v1) (4.4)
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with i = (1, 2, 3). The above equations are also called flow equations. The

functions zj,, ﬁgh)’ ﬂgh)ﬂ;hi) are expressed by the tree expansion seen in Sec-

tion 3 (for details, see ref. 4). The contribution to ,85(,}11) from the trees
with two end-points associated to the quartic running coupling constants

is given by, if fdl‘=ffé§2 dro ) ea

24/drgc(f)(r)g(_hfu(—r)gl,kgl‘k=4/dr Y ePmg”) (—rgingix

k<h k=h,h+1
4.5)

Using that g1 — g1.p4+1= 0(1)%) and (3.36), and computing the equation
analogue to (4.5) for g2 ,—1 and g4 51 we get that g;; verify the follow-
ing equations

gLi-1 = grh—agi ,+ 0@y’ +0®@})
g1 =g — 581, + 0@y +0@) (4.6)
an—1 = gan+ 02y + O (i})

with a a positive constant, given by
h h h h+1
a=ay+ay=4 f drlg}" Mg, m+g!" Mgt m)] 4.7)

If we neglect the cubic contributions 0(17}3[) it is easy to see that the flow is
bounded (in sense that the quartic running coupling remain smaller than
O(U) for any h) if U > 0; in the general case in which the interaction is
non local the conditions is g;0=Uv(2pr) + O(U?) > 0. By taking into
account all higher order terms could destroy such behavior; aim of the
following sections is to prove that also taking into account the full Beta
function the quartic running coupling remain smaller than O(U).

4.2. Beta Function Decomposition

We have two free parameters at our disposal, v and §; we will show
that we can fix them so that v, = O(Uzy’h) and &, = 0(U2y’h). We fix
then our attention on the flow equation for gj 5, 2.4, g4.n-
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More explicitly (4.4) can be written as

81.h—1 = &1.h— &L ula1g1,n +axgi ni1l

+Gy(gns - .- ,go)+Zgl,kg1,k/Hh1,k,k/(vh,~-. ,v0) + R} (wps ..., v1)

K
1

82.h—1 = 82,h — Egl,h[algl,h +azgi p1 ]+ BE(tns - - s 100) + G (gns - - - g0)

+Zgl,kgl,ka;ik,k/(vh,-~- ,v0) + R7(vps ..., v1) (4.8)

KK
84h—1 = 82,h+ﬂ2(ﬂh9-~- ,Mo)+G2(gh,... » 80)

+ Zgl,kgl,k'H;ik,k/(vh, .o, v0) + R;‘,(Uh, ., 01)
kK’

where the following definitions are used:

(1) We write in (4.1) z; =z,l< +z,%, where z,l is defined iteratively as the
sum of all trees with only endipoints at scale <0 and with propagators

gi’i)cu, see (3.36), and in which g};‘, k' >k is replaced by l—i—z,i,.

(2) The functions B2, B}, G7,G4, G}, g1g1H', with i =1,2,4 are the
sum of all the trees with only end-points at scale <0 and with propaga-
tors g(Lk), see (3.36), and in which the factors %, k>h are replaced by

1 k
1+2z.

(3) The terms contributing to ,3,3, ,B,‘l1 are by definition independent
from g .k > h.

(4) The terms contributing to G}l, Gfl, Gﬁ by definitions depend lin-
early from gy, that is they are vanishing if g, =0 for any k and their
second derivatives respect to g are also vanishing, while the first deriv-
ative are not vanishing.

(5) The terms at least quadraticin g; areincludedin } ; 1/ 814810 H, ;l K
and by the short memory property

|Hj g o] < Coay "Ry P04 (4.9)

(6) In R}(,i) we include; terms depending from v, or §y; terms with at
least a propagator r{‘ (x—y), see (3.36); or terms with at least an endpoint
at scale 1.
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Note that the above decomposition is obtained by an analogous decom-
position over trees, so that the determinant bounds of Section 3 are still
valid.

In writing (4.8) we have used that the beta function contributing to
g1 has at least a g; in fact consider a contribution to the antiparallel
part of gp; it is not invariant under the transformation wfo — ei"l/ffa
and wfl’a — K/fi,g while the terms corresponding to g» and g4 are
invariant.

The flow given by (4.8) is very difficult to study; luckily dramatic
cancellations appear, given by, if gj =maxk>h(|g,i|+ Ig,%I + Ig,fl) and i =
maxk>h(|g£| + |g,f|), the following result.

Theorem 4. (Partial vanishing of the Beta function).
The functions ﬂ,f,ﬂ,f,Gi,Gi,G}l, for |vy| < ¢ are such that, for a
suitable constants C, 6

1B (s s i) | SCazy™ 1B Gen, ..., u)I <Cazy®™  (4.10)
1G7(gns - gn) | <C&Y"" 1Gh(gn, ... eI <Cgiy™  (4.11)

| Glgn,....en1<Cgy? (4.12)

The above lemma says that a dramatic cancellation happens in the
series for the above functions; each order is sum of many terms O(1), but
at the end the final sum is O(y?"), that is asymptotically vanishing. We
call such property partial vanishing of the Beta function (partial because
the O(gf) terms are not vanishing).

By the above lemma, which will proved in the following two sections
as consequence of suitable Ward identities, we can prove that the flow is
bounded for any gj o> 0. Note that in ref. 8 a proof of (1.10) using the
exact solution of the Mattis model was sketched; (4.11) and (4.12) were
assumed without proof.

We proceed in the following way. We first assign a sequence gdéf{vh}hg 1,

Qdéf{éh}hgl not necessarily solving the flow equation for v, §, but such that
lval, 181] < cUy?, for any h <1. We then solve the flow equation for 8ihs
parametrically in v, §, and show that, for any sequence v, § with the supposed
property, the solution g(v, §) ={g1.4(v, 9), g2.1(v, 9), 4.0 (v, ) }n<1 exists and
has good decaying properties. We finally fix the sequence v via a convergent
iterative procedure.
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Lemma 1. Assume that ||, |84 <cUy?" for any h. For U >0 and
small enough the flow is given by, for any &

81,0
g2 — 82.0—81.0/21<UY? gan—gaol <UY? O0<gip<—20—
1—a/3g1,0h
(4.13)
Proof. By using that |v], |8, <cUy?" it holds that
IRL| < CU?yoh (4.14)

It is convenient to introduce g2, = 2g24 — &1,5; then using (4.10) and
(4.14)

Zan-1=&.n+ Y Drk+ Y Q2Dp =Dy )+ > g1uglu Hyiw + Ry

k>=h k>h kK

(4.15)

with

D = B (Wi -+ s [hs ks Bkl -+ s 10) = BRIk -+ s Ky [hs Bkds -+ 5 R0) (4.16)

Dy =G (ghs - 8hs 8k 8k+15 -+ 80) — Gy (8hs -+ 8hs &hs 8415 -+ - 80)  i=1,2

and a similar equation for g4 ; I-_Ih,k’k/ verifies (4.9), R;, (4.14) and

1D il <Cy P MU gy —gil 1D} | <CUY ¢ Mg, — gy

4.17)

Assume that for k> h

81,0 5 ok 81,0
0< 1< 1—el<|U3 4+ —2
S8 S T30 o) |8k—1 gk|\|: Y [1—a/3g1,ok] }

(4.18)

We have then to prove that such inequalities hold for k =4 — 1. Noting
that

-1 -1 -1

a1 1 _ _nk—=h) C
Oth—k) 1 _ _~ 0 (h—k) O(h k)_g_ 4.19
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we obtain

Zgl,kgl,k/ghz,k,k/éCUgfh (4.20)
kK’

Moreover

" k
Z |Dp il < Z CCUy—266—m Z

2
Uiy 4 [—gl’o } ‘

_ /
k>h k=—1 k' =h 1 Cl/3g]’()k
3 & 81,0 2
g C CU UZ 6h k_h 20(1’!—]() )
> y +k_2_:1| ly Tafiaiok
4.21)
and the last addend can be bounded by
h 1 1 2
0= = <Oy | | . 422
k:Z_1y k2 2[1—0/381,0}1} (%.22)
Then by (4.15) we get
81,0 2
182,01 — 820 <C3 Uy +U <a—) (4.23)
1—%g1.0h
and
. g0 T
G0 h 1 — 20| <C Uy Ly | —8L0 <y3r
182,n—1 — 82,0l 3%( Y+ T a/3a1 ok
(4.24)

In the same way in the flow for g4 we use that there are no second
order contributions quadratic in g1 5. Finally, we write, using (4.8) and the
short memory property (namely that y?" =g, <Cgp)

a

3gl,hgl,h71 (4.25)

8Lh—1—8lLh<s—
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or

8Lh—1S 15%’; ;i (4.26)

and as 37 is an increasing function and by induction 0 < g; 5 < 1_?;011
so that

Q< g1,0(1—%hgi )~ < 81,0 427)

1+4g1001—%hgro)™' ~1—%groth—1)

Moreover gj -1 = g1.,(1 + OU)) by (4.8), and g, > 0 so that
gth-1>0. 1

4.3. The Choice of the Counterterms

In the previous section we have solved the flow equation for g; , para-
metrically in any sequence v ={vu}s<1, § ={8n}ng1 such that |v| <cUy?h,

A <cUy9h for any 4. We show now that indeed we can choose v,§ so
that y={vs}ng1, §=1{8r}ng1 verify such a property.

Lemma 2. There exist sequences v ={vi}n<i, 8§ ={8n}rg1 such that
il <cUYP, 184 < Uy

Proof. It holds that
B =PBya+Bss (4.28)

where ,3;2 us given by a sum of trees with no end-points v, §; and only

propagators gik)w (3.36); by the symmetry in the exchange x,xo of g(k)

L,w’
and remembering that ,th) =) .[z(r) —a(7)] it holds that
B2 <Ccuy? (4.29)
A similar decomposition can be done also for
h
B =B+ B, (4.30)

again with

1B < cuyh (4.31)
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by the parity property g(Lh’)w(x,y) = —g(L}i)CU(y,x). If we want to fix v,§ in
such a way that v_,, =8_ =0, we must have, if (v, ;)= (v,§):

1

v=—Y" yF2BE (g 8k vii .. 1 g1, 81 V). (4.32)
k=—o00
1
5=— > B (g k. ki ... 1 g1, 81, V). (4.33)
k=—o00

Note that in (4.32), (4.33) gr=gr(v, 3).
If we manage to fix v,§ as in (4.32), (4.33) we also get:

== VB0 (er, Sk, s -5 g1, 81, v). (4.34)
k<h
Sn=—Y_ B (8k. 8. vkt .. 1 81,61, v1). (4.35)
k<h
Let Mty be the space of sequences v={v_o,...,V1}, ={6—c0,..., 51}

with small |- ||y norm, namely the space of sequences v, § satisfying:
Sl <y, Il <™

We look for a fixed point of the operator T: 9ty — My defined as:

T ==Y v "B (s v, vis ... s g1, ). (4.36)
k<h

T@) == By (8k(8.v). 8k vk ... 1 81,61, v1). (4.37)
k<h

First note that, if U is sufficiently small, then T leaves 9ty invariant:
in fact

(Tl <Y 20Uy " <cUy™ ((To)I< ) 201Uy <cy™
k<h k<h
(4.38)
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Furthermore we find that T is a contraction on 9Miy: in fact

(T8), — (T8)A] < > 1B (8w, 8). vk 8k -.) — B (84 (. 8), v 8 )
k<h

< Uy v = llg + 18— 8 llo]- (4.39)

and a similar equation holds for v. Then, a unique fixed point v*,§ for T
exists on My. |1

By the above Lemma we have found (7, pr, U), v(f, pr, U); insert-
ing them in (2.1) and using the implicit function theorem we get
prU, w), t(U, u).

Finally from an explicit second order computation we obtain that

ah=algi ,+83,+85,l+ B> (4.40)

with a >0 is a suitable constant, and using the previous results on the flow
of gin, vn, 8p we get limy,_, o VZT’;, =1, where n =a[g§y7oo +g§’7oo]+ oU?).

5. THE REFERENCE MODEL AND PROOF OF THEOREM 4
5.1. The Model

In order to prove the partial vanishing of the Hubbard model Beta
function expressed by (4.10), (4.11), (4.12) we introduce a reference model
written directly in terms of Grassmann variables, with an ultraviolet cut-
off and an infrared cutoff y” with linear dispersion relation and in the con-
tinuum. We study the reference model by Renormalization Group and we
show that the Beta function of this model is asymptotically vanishing as a
consequence of Ward identities due to the formal local chiral gauge invari-
ance (which is however broken by the presence of cutoffs); then we prove
that the Beta function of the reference model coincides partly with the
Beta function of the Hubbard model, so that we can deduce the partial
vanishing of the Hubbard model Beta function from the vanishing of the
reference model Beta function.

The partition function of the reference model is

/ Pr(dy)ev" (5.1)
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where the propagator is

e~ ik(x—y)

1 _
gi,L(X—y)=ﬂ—L 3 k) ——— (5.2)

KeDyy —iko+ wk

with €, § (&) =>"0__., f¥(ko. k) and

B/2 L/2
= [ o [ dx [ Vo U Ve

p— + —
+g§¢’)—:a),o x,w,ﬂwx,—w,—gwx,—w,—a

— + —
+ 84¥5 1.0 Vxwo Vo —o Vxw—o]  (5:3)

Note that the model is not SU(2) invariant, as the interaction depends
from the spin if g5# g7

The Grassmann integration can be done by a multiscale analysis
essentially identical to the one described in Section 3; however the symme-
tries of the interaction imply that the local part of the effective potential
(3.29) is replaced by

J P2 L2 5P Tt - + -
L:VL = Z/ dx()/ ngz,ij,w,owx,w,awx,fw‘awx,fw,a
> /- _

B2 L/
~ — + —
+gg,j 1//)-(’:50,0 1tyx,a),a 1ﬂx,—w, —0 wx, —w,—0
~ — + -
+g4vjw;:w,owx;w,a‘px,w,—awx,w,—o (5~4)

Note in fact that the analogue of vy, 8, are vanishing by (in the limit
L, B — o0o) parity and invariance in the exchange (x, xg) — (xg, x); more-
over, the reference model is invariant under the total gauge transformation
w:w’o — eFoo I//):(t,w,a for any values of «, ,, so that terms of the form
I/IC,J; Ul/ff_w,gl/ffm,_g ¥, _o cannot be generated in the integration procedure
as they violate such symmetry. Note also that, due to the compact support
of the cutoff in (5.2), the running coupling constants at scale k > & of the
theory with infrared cutoff " or 0 are identical.

It is easy to verify that a tree expansion similar to the one described
in Section 3.5 holds also for the reference model, and that the analogue of
Theorem 3 holds also in this case. We will prove in Section 6 the following
Lemma.
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Lemma 3. Assume that g = max(|g5], |g2| |g4]) is small enough;
then for any integer j <0, in the limit 2 — —oo for a suitable constant C

185, —831<C2° 135, —8yI<CZ &, — gl <Cq (5.5)

Moreover g3 ;. ggj, g4,j have a limit as h— —oo.

It is an immediate corollary of Lemma 3 and Theorem 3 that 5kL =
(gg’k,ggk, g44) are analytic functions of v; = (g}, g}, g4) around (0,0, 0).
Note that analyticity in the coupling around the origin holds for the ref-
erence model and not for the Hubbard model. Finally the analogue of the
flow equations (4.8) is given by, if 7 = (25,85 ;. 84.x)

~ 32, -
g§] 1= 82]+/3 0( . yU(If)

72, -
gz, 1—g2,+ﬂ ”(v LU (5.6)
gaj-1 =81 +BIEE, .. ,Bé)

We can rewrite the above equations as, for j>h

~0 ) 2.0 ,~L =1 2,0
gzsj_l—glj'kﬂj (vj,...,v<)+ZDj’k

k>j

. - 52.p - - =2,

B =8+ @ i+ ) DY (5.7)
k>j

~ ~ 34,-L =L 2,

g4’j_1 =g47j+ﬁ](vj, ’v])+ZDj»](C]

k>j
with, for « =(2,0), (2, p), 4
]k—ﬁ (U], s jvvkvvk+]s 717())_ﬂ (Uj, s 17], J+1s U())

5.2. Vanishing of the Reference Model Beta Function

The Beta function is an analytic function of BJL and it can be written
as, if a=(0,2), (p,2),4

Ba(—» AL)— Z bJ ny,ny,n3 g2 ])nl(gZ ])nz(g4 J)n3

ny,np,n3
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We define n=n| +ny+n3 and i =(ny, n2, n3). Note that

0i
b(;lnl np,nj3 _bflll np,nj3 + O(V j)
Consider b;“n 23 and b,‘i‘n s with k < j; for any tree t contrib-

uting to B there is a tree contrlbutlng to B;; in fact we can perform
a change of variables in the propagator g’'(k) respectively k — y/k and
k — ¥k, so that in one case the propagator is f(y ' **k)D;!(k) and in
the other f(y ~'T/k)D;' (k)= f(y " Tky~**/k)D_ ! (k); hence for each tree
contributing to b; there is a tree contributing to b, in which the scale of
each vertex is shifted by j—k; there are extra contributions to »* with at
least a vertex with scale >k — j; such trees have the root at scale k so that,
by the short memory property, b; — by = O(y?%), with 0<6 <1 a suitable
constant, and taking the limit k — —oco we get b; =b+ o (y%).
We will prove the following result.

Lemma 4. Assume that Lemma 3 holds; then for any (n1, nj, n3)

b =0 (5.9)

ni,no,n3

-

Proof. The proof is by contradiction; assume that, for some 7 =
(i1, 7ip, 13) with i =+ +17i3

Bi(@r ... o) =b;i(@5 )@ )@ )M + 0@, (5.10)

with l;ﬁ a non vanishing vector, and that for all ny +ny+n3=n<n—1, l;;,
is vanishing. From Theorem 3 and Lemma 3 1314 are analytic functions of

U1=(g5. g5 g4), that is

h =0+ ) & (89" (85) (ga)" + O((B)™) (5.11)
n<n
and for any fixed j the sequence Eé is a bounded sequence. Inserting
(5.11) in the Beta function, using analyticity and equating the coefficient
of (g9)"1(g5)"2(g4)"™ with nj+ny+n3=n<i—1 we get

0
=+ 3 dl + o) (5.12)
k=j+1
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where the last sum represents the contribution of D k> SO that

s o
@} <y~ D sup (&) &) (5.13)
2<m<n—1

where we have used that D .k is at least quadratic in the running coupling
constants, and Dj is a suitable constant (in j). Note that

J 0
S(j—1 - = _ _ NG Sk ./
|Céj ) 7| < Dy Z Z y Ok=j") sup C%)—cfﬁ)’ +y91
j/=—OO k=j’+1 2<m§n71
(5.14)
The above inequality implies by induction that, for n<n —1
o - 0
sup |cr(§)—crr,|<C"7/2k (5.15)
2<m<n

for a suitable C; assume in fact that it is true for k> j and from (5.14) we
get

J 0
S(j— N 1 = _ _ 0 0 Y]
e G <Dy Y | YD ety 2 4y
j'=—00 | k=j'+1
< KC" 1Dy sU-D (5.16)
so that (5.15) holds for j —1 if C > K Dj;. On the other hand (5.15) implies
d] (| < EnyauD (5.17)
Writing now the analogous of (5.12) for n=n we get
&IV =D 4 b5 +di, (5.18)
which can be rewritten as
== _ =) | 7. 5i
cz =Cz +b; +0(y2/) (5.19)

so that E’%j )

diction. I

is necessarily a diverging as j — oo, and this is a contra-



412 Mastropietro

5.3. Partial Vanishing of the Hubbard Model Beta Function
(Proof of Theorem 4)

We compare the Beta functions of the reference model with the func-
tion appearing in the flow equations of the Hubbard model.

(A) Let us start considering first the reference model in the spin sym-
metric case, that is if 33,():3;,0- In such a case by the same arguments
used in Appendix, for any kg9, =gj, and B3, =p;,, so that the flow
equation (5.6) reduces to

Gon1=82n1+Br@an, 8ans - §2.0, 84.0)

Gan1=84n1+Pr@an. 8an: - 820, 84.0)

It holds that the functions Bﬁ and ,52 essentially coincide with the
functions ﬂ,f, ﬂﬁ of the Hubbard model defined in (4.8); that is, if uj; =
(82.h» 84.n), for a suitable constant C

B - i) = B (s - )| < Cpapy (5.20)

Bt (s -+ s i) = By (s - - - )] < Cpagy (5.21)

The above equations prove (4.10). In order to prove (5 20) and (5. 21) we
note that by definition the only difference between ,Bh ,Bh and ,Bh ,Bh is
that in one case the model is defined on the continuum and in the other
case on the lattice. In momentum representation this means that the delta
functions in B are defined as L8k, 08k,,0 while in 8 are defined as in (2.16).
The difference of the two delta functions slightly affects the non local
terms on any scale, hence it affects the beta function; however, it is easy
to show that this is a negligible phenomenon. Let us consider in fact a
particular tree v and a vertex v et of scale h, with 2n external fields of
space momenta k., r =1,...,2n; the conservation of momentum implies
that Y| 6,k. =27m, with m =0 in the continuous model, but m arbi-
trary integer for the lattice model. On the other hand, k. is of order y’
for any r, hence m can be different from 0 only if n is of order y .
Since the number of endpoints following a vertex with 2n external fields
is greater or equal to n—1 and there is a small factor (of order uy) asso-
ciated with each endpoint, we get an improvement, in the bound of the
terms with |m| > 0, with respect to the others, of a factor exp(—Cy ™).
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Hence it is easy to show that the difference between the two beta func-
tions is of order 3 y%".

(B) In order to prove (4.11) we consider the reference model with
gg’o;é gz o» SO that there are three independent running coupling constants.

We have seen that, for « = (2, p), (2,0),4

Brp. ..o =D b Lo e 2 lgan]? (5.22)

ny,ny,n3

On the other hand we can write the functions Gj (4.8) in the Hubbard
model, @ =(20), 2p), 4, as

N= ) O mymslgallg2n]" (g4 ] (5.23)

mp,m3

The coefficients cj , , . are given by sum of trees (or product of trees,
for the presence of the z; terms) with (in total) one end-point g1, m; end-
points g» and mj3 end- points g4; the SU(2) invariance of the Hubbard
model implies that GZC’ th To g1 and g» correspond two terms, the
parallel or antlpardllel part, see (3.35), and we can associate to the end-
points of the trees contributing to Ch 1my.my AN €Xtra index distinguishing
the parallel or antiparallel part; then we can write

@ = o 24
ch,l,mz,m3 Z Z h,m‘l’,mf,mg,mg,mg (5 )

m +m1 1m2+m2—mz

It holds that

o _ a
Ch,l,m2»m3 - Z Ch,O,l,mg,mg,m3 (525)

o p_
my~+my =m;y

that is only the spin parallel part of g; can contribute to G2 or Gﬁ, i
fact making the global gauge transformation wl —>e”’1//1 - and Yt Lo =
Yt 1.o» the antiparallel part is not invariant, while the spin parallel (and
the g», gs4 interactions) are invariant.

Finally note that the spin parallel g; interaction is equal (up to a
sign) to the spin parallel g, interaction, so that, for @ = (20), 2p), 4

—b® =0 (5.26)

0,1,mg,mg,m3 - zng,m§+l,m3



414 Mastropietro

(C) It remains to consider (4.12); we can consider equivalently the
contribution to the spin parallel or the spin antiparallel, as they are equal
by SU(2) invariance of the Hubbard model, that is G}lo = G}llp . We con-
sider the spin parallel part and we can write

1 1
G = Z tmymsL81,0182.1]" 2 (84,1 (5.27)

ma,m3

with

> o
1 ,my, m% m‘l’,mlp,m‘z’,mg,m3

m +m1 =1 m2+m2 =my

The single g; interaction cannot be antiparallel again because making the
global gauge transformation wl —>e”’1p1 and w o v Lo , the anti-
parallel part is not invariant, wh1le the spin parallel (and the gz, g4 inter-
actions) are invariant. Hence

1p _ Z 1p
Clst»mS - CO,],m‘é,mé’,m; (528)
mg—Q—mg:mz
and
1 2
P —b*P —0 (5.29)
0 1,m$, m2 ms3 ms, m2+1 ms3

as the contribution (1p) and (2p) are identical.

6. WARD IDENTITIES FOR THE REFERENCE MODEL:
PROOF OF LEMMA 3

6.1. Dyson Equations

Let us now prove (5.5), extending the analysis in refs. 5-7, to the
spinning case. We derive a number of Dyson equations relating some
Schwinger functions of the reference model. Let us start from, if pp 4 o=

1 + -
BL Zk Wk,w,a wk—p,w,a
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<I/fl:r1,+,crwl:z,+,cl/fl(+3,—,—awl;,—,—a>T
=g (kq) {Gz_(ks) [gg(w;,+,gw1;,+,gpkl_k2,+,g)T
+g§<l/’l:r1,+,o‘[’l:2,+,apk1—kz,+,—0)T
+ g4(1/f|:r1,+,(,W{z,+,(,pk1—k2,—,—o)T]
O K o TR T T

Pl + — + -
+/dng(wkl,+,owkz,—&-,o¢k3,—,awk4—p,—,—appa+a—‘7>T

S KR TSR Co S S | TN

where

Glzu(k) Z(wl:w,o' w]:r,a),o‘)T (62)

Similar Dyson equations holds for (wl;'—l,+,o¢l(_2,+,awk_g,—,awk_;;,—,o)T and
(x/flfl +0Viot.0 Vi .0 Vig.+.0)7 The Renormalization Group analysis of

the preceding sections easily implies (for details, see ref. 6) that, if |k;| =
h .
yhi=1,2,3,4

+ - + -
(wl_(l ,+,O‘w122,+,(fwl_(3,7,70‘ wl_(4,7,7U>T
=G4, (k1. k. k3, ke) =y Z,2[¢9, + 03D (6.3)

if gn =supg>; (185 1 + |g5k| + |gaxl). In the Dyson equations appear the
functions

2,1 —

Gw’g’wr’a/(k —q, k, (I) = <‘(plj:a),o' Wq,a),apk—q,w/,o")]‘ (6~4)
G*'(ky, Ko, k3, ke —p;

+,0',(1)’0" 17 2a 37 4 p»p)

gt - + -
= (‘/’kl ,+,awk2,+,awk3,—,—a wk4—p,—,—a'op»w/’0/>T (6.5)
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Either such functions or the Schwinger functions can be obtained by
deriving the Generating functional

Wi(g. J)
=log f Pr(dy)e Ve 00 [ dXUx0.0¥ 0.0 V0.0 T 0.0 Vo0t N 0095 0.0)

(6.6)

with respect to the external fields Jx .o OT ¢y ) -

The functions G>!, G*! are related by remarkable Ward Identities to
the Schwinger functions G2 G*. In fact, by operating in (6.6) the (local)
Gauge transformation er - ei"‘war o W+ ~o — 1ﬂ+ _, and wi 1o =
vt 4o and deriving with respect to ¢y +g,¢z o> We get, passing to
momentum space, the following Ward Identity

Di(p)GEL L (ki —ko, K1, k) = G2 (k;) — G2 (ko)

+ATL ok —ko ki ko) (6.7)

where
Ao k=0 K O =(V o V0P aro), (6.8)
SPk—qu00 = / A CHK K =V Vs (6.9)

Ck™, k7)=(Cpo(k™) =)Dy (k™) = (Cpo(k") =)Dy, (k™) (6.10)

The cutoft function Cp o in Pr(dy) destroys the local Gauge invariance
of the theory, and it is responsible of the correction term A*>! in (4.3). As
explained in Section 4 of ref. 5. AW =C(k, q)g® (k)g"(q) is non vanish-
ing if at least one among i or j is 0 or k; this means that either at least
one field in 8p is contracted at scale 0, or at least one field in 3p is con-
tracted at scale h. We can split the correction term in the following way

2,1 2,1, 2,1,
A =AZbe Al (6.11)

w,o,0 0" T w,o,0 0’
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2,1,
w,0,0,0

8p contracted at scale 0, and A™

, there are all the contributions with one of the fields in
2,1,8

w,0,0 0’ is

where in A
the rest. It is easy to check that

—2h
2,1, e _
AZVP (k) — ko Ky ko) <ghyz—h (6.12)

w,o0,0 0

- . .., —h—j
This follows from the bound |A")| <=7 % Z; " and noting that the factor

y"~J gives the correct power counting for the marginal terms linear in J,
see ref. 5; note also that the contributions of order 0 in the vﬁ cancels out.
The analysis of Aw o.l,0’ , 18 more complex; there are other remarkable
identities (first discovered in ref. 6 for the spinless case) called correction
identities to the functions G>!. It holds in fact the following Lemma.

Lemma 5. There exists functions v, +, such that |v, +,| < Cg, and

2,1, 2,1
A+ oa+o - l)+ aD+(p)G+a+a
+U+ UD+(p)G+a+ 0'+U7(7D (p)G+a—a
+0¢ o D_(WG L o+ HEG (6.13)

with, if [ki|= ko ="

—2h
(2L (k) — k. Ky ko)l <CVZ y O (6.14)

+,0,+,0 2

for some constants C and 0 <6 < 1.

The above identity says that the correction A21® can be written in
terms of the functions G2, up to a term which is smaller than O(y%").
We will call HZ' = H2L% 4+ AT and

B L y72h
|H5’1<k1—kz,k1,kz)|<ghz—h. (6.15)

By the phase transformation ¢ _, — e*xyy __, yi, — yF, and
v I v 15> and using a correction identity similar to (6.13) we find

2,1
v DG+ (=S _)DLMGT, |,
—v D G~ D G2l =HY'  (6.16)

—,—0

2,1,a

where H," " verifies a bound similar to (6.15).
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In the same way by the Gauge transformation wfﬁ — ei""w/ff(,,
Wf,{, — wf,(, and lﬁf,ﬂ - %f,ia, and using a correction identity
similar to (6.13) we find

- Ui,a D+(p)G3-’,la,+,a - vi,0D+(p)G3-’,la,+,—a + (1 - vi,(r)D* (p)G%,-’,la,—,a
—v¢ _,D_(pGTL _ _ =H> (6.17)

C

where HCZ’I’“ verifies a bound similar to (6.15).
Finally by the Gauge transformation wf,(, — et wf’,m w:—L,U —
I/ff(, and Iﬂiia — wf’ig we get the following WI

2,1 2,1
— vl Di(PGT g =V _oDi(DCL ot o
d 2,1 d 2,1 2,1
_ Uf’aD_(P)G +(1—U,,,U)D_(p)G H, (6.18)

+.,0,—,0 +.0,—,—0

Bounds like (6.15) and (6.14) hold also for Hb2’1, ch’], Hj’l. It is easy to
see from some algebra that the above relations imply

Dy(®GY 4 (ki —ka ki ko)
=G (k) -G (ko) + (1 + FHYH2 + FAHX + FYH2 4 FH2!

(6.19)
Dy(MGYY | (ki —ko ki k) = (1+ FHH> + FLH!
+F2HY 4 F2H! (6.20)
D_GYY, ki —ko ki ko) = (1+ F)H> + F) HY!
+F2H> 4 FH! (6.21)
D_(pGTL _ (ki —ka ki, ko) = (1 + FHH> + FiH)!
+FAHY 4 FHT! (6.22)

with F,, Fy,, F., F; are combinations of the v, with the property that if
|vl:’ | <Cg, then |F;|<Cgp. Then, (6.19) really provides a relation between
G*! and G? up to bounded corrections.



Rigorous Proof of Luttinger Liquid Behavior 419

6.2. Proof of Lemma 5

We introduce the generating function for Haz’1

/ PL(dlﬂ)e—VLJrTl exp [/ dkdpJpv_“hUD+(p)l/fl:fJﬁU1,0](_+Wr(r
+ [ dkdplt DO i

R () VAR VA SRy D ( Y17 mp,_,_a]
(6.23)

where
Ty = f dkdpJpC K K+PV | Vip 10 (6.24)

The analysis proceeds essentially identical to the one of Section 4 of ref. 5.
After integrating the v field, we get in the effective potential a sum of
monomials of the form WJ™yy...v,; we extend the definition of £ to
monomials of this kind by requiring that it acts non trivially only on
the terms linear in J and quadratic in v, as a power counting argument
shows that they are the only marginal terms.

Consider now the terms in which 77 is contracted; they are of the
form

- - 1
Z/dp/dk+]v¢1j+,(z>,&I/fk+—p,@,&[F2(,+,)a,&),&(k+’k+_P)
&5

+F 0 kK = )8y 5805 (6.25)

where F2(,_+1,)(I .6 is given by all the terms obtained contracting both the ¥

fields in 77 while F 1(;1,)0 are is given by the terms obtained leaving exter-
nal one of the ¥ -fields of T|. Both contributions to the r.h.s. of (3.39) are
dimensionally marginal; however, the renormalization of Fl(;lzr is trivial,
as it is of the form

_ Crok™) = 11D (k)80 &) — ug(k+
Fl(’+1’)0(k+,k‘):[ n,0(k™) ]Dj(iﬁigk—i ) —u( )G(z)(k+)

(6.26)

or the similar one, obtained exchanging k* with k™.
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By the oddness of the propagator in the momentum, G (0) =0,
hence we can regularize such term without introducing any local term, by
simply rewriting it as

[Chok™) — 11D, (k)EY k+) —ug(kt)
Dy, (kt —k7)
x[G? k1) =GP (0)]. (6.27)

Ao k) =

As shown in ref. 5, by using the symmetry property

89 =—iwgd k"), k=(k.ko), k*=(—ko.k), (6.28)
FD can be written as

2,w,0,0,6

B 1 B _
Fyloosk k)= [P0A0.w.0.65 KT k) +Pp1ALwess kT kD],

D, (p)

(6.29)

where A; , .56 (&', k™) are functions such that, if we define

_ 1
£F2+Uw:|:g Dy ()[pOA0+0a)j:U(O 0)+p1A1+0w:i:a(0 0)]

(6.30)

then,

LFyL oo =Da@Z>, (6.31)
where 23 @0 are four suitable real constants.

Cons1der now the terms in which the v, , are contracted; we define
the localization operator on such terms as

c f dkdpDu W, (K K= DIV o oo Vi prt

= / dkdpD, (MW, o (0,000, L Vi) 0 i (6.32)
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We define v_j 4 44 =Zi’i”’ia + W, lig we get that the local terms linear in
J are

f dkdp]p [vil’_l’_’a' D+ (P) w]:’:_hg Ir[/](_+p’+g + va_1’+’ —0 D+ (P) w]-:_h —o 1/f|:+p,+, —

+va—l,—,oD— (p)wl::—,(r wk_-l-p,—,a + Va—l,—,—a D_ (p)wl-:—,—a 1//k_—&-p,—,—a]
(6.33)

We can iterate the above procedure; at the integration of the generic scale
the terms quadratic and linear in J in the effective potential are obtained
contracted a T7 vertex (in such a case one of the two fields of Tj is neces-
sarily contracted at scale 0) or a v, , vertex; in both case the preceding
analysis can be repeated and the local terms linear in J are, for k> h

/ dRdpJplv{ 4 o D+ @V | o Viipso T Ve 4 e D+ VL Vi gt o

o DOV iy o Ve o DOV iy )
(6.34)

We have then obtained an expansion for Ha2’1 in which new running
coupling constants appear, namely v« +; the analogue of Theorem 3
ensures convergence vi . 4+, are small or any k> h. The beta function for
Vk.0.4+c has the following form

Lk L L 2k L L
Vk—1Lw.+o = Vk+.20 T By to Vs -+ V5) + By o (U Vi -+ vy, Vo) (6.35)
where by definition ,302)”];0 (F, vk, ..., vE, v) is obtained contracting a v;
while BL%, (WF, ..., vk) is obtained contracting 7j and
Ik L L - ok
ﬁw,:l:o’(vk 9 0 7UO) <Cgk7/

for some constant 0 <6 < 1. The presence of the factor y? in the above
bound is due to the fact that, for the support properties of the func-
tion C(k*, k™) discussed after (6.24), one of the fields of T is necessarily
contracted at scale 0.

In fact we can show (proceeding as in the proof of Lemma 3, or in
Section 4.6 of ref. 6) that there exists a sequence v such that |vi 45| <
Cgny?* by solving

k
LK L L 2,k L L
Vote == . [Brka . vh)+ B 0 v v ] (6.36)
K'=h+1
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This shows that there exist v, +, such that V.o o = O(yOk)

We have then find an expansion for H (k1 ks, ki, ko) very simi-
lar to the one of G21, but m which each tree contributing to H (k]
k>, ki, k») have an extra y?%; in fact or there is an endpoint v, (and we
use that v g 40 = O(y%) and the fact that, as the dimension are negative,
the value of the tree has an extra y?(~%)) or there is an endpoint 7} con-
tracted at scale 0 (hence, as the dimensions are negative, the value of the
tree has an extra 7). |

Inserting (6.20) in the Dyson equation, and using (6.15) and (6.14),
we see that the ﬁrst three addenda of the Dyson equation are given by

(82 +0(g;, ))

1
We have to consider now the last three addenda in the Dyson equa-
tion; let us start by

/dp [32<W1j +, ol//k_z +, JW]:(:,_,_U I/’f;_p’_’_g Pp,+,o>T] (6.37)

Let us call

Gilowo/(kl,kz,ks,lq—p p)

_<wk1,+,awk2,+,awk3,—,—a1//k4—p,—,—appvw/*‘7,>T
(6.38)
As |k4| = y" the support properties of the propagators imply that
Ipl <y + " <2y, hence we can freely multiply Gi’l in the r.h.s. of (6.37)

by the compact support function yo(y ~/=|p|), with j, =[1 +log, 2]+ 1. It
follows that (6.37) can be written as

/ dpxm (G (p: K1, ko, k3, kg —p) + / dpin (PG (p; k1, ka, k3, kg —p)
(6.39)

where xa(p) is a compact support function vanishing for |p| > y/Him—1
and

= > fi,®. (6.40)
hp=h+jm

Note that the decomposition of the p sum is done so that x(p) =0
if |p| <2y". It is easy to show that the first term in (6.39) is bounded
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52.,—3h
by O (g”gz ), see ref. 6. Regarding the second addend we will use the

h
following Ward identities

(=8 DG, =t _ DG, =, D_mGE,_,
—v _ D_(MGYL =Gk —p.ka, k3. ks —p)
—G4 (ki ko +p. ks, ks —p) + H}"' (k1. ko, K3, ks —p; p) (6.41)

DG+ _ D G, L, D_(pGE!

+,0,—,0

—! L D-(G_ o =H,' (6.42)

_U-CQ-,GD-F (p)Gi,10,+.U - v-CQ—,—a D+ (p)Gi,la,—&-,—o + (1 - vi,a)D— (p)Gi,la,—,a
— DG o =H' (6:43)

4,1 4,1 2,1
4 DGy o=V DGl o=V, D_(PG

+,0,—,0
+1—v! _)D_(MGY, =Gk k. ks —p.ks—p)
—G*(ky, ko, k3, ke) + Hr' (ki ko, k3, kg —p; p) (6.44)

where the functions Hl.4’l are defined in an analogous way to the functions
Hl.2’1. It is easy to see from some algebra that the above relations imply

Dy (GE, _ (ki ko, ks, ks —p; p)
=(1+GNIGY (ki —p. k. k3, k—p) — G} (k| —p. ko, ks, k—p)]
+G4[GY (k1. ko, k3 —p. ks — p) — G* (k. kp, k3, ky)]
+(+GHHM + GiHM + GIHM + GSHY! (6.45)

with G{ = O(g). From (6.19) we can decompose fdp)ZM(p)Gi’l as sum

of several terms; the one involving G*(ky, ks, k3, kg) is vanishing while

the other three terms involving the other functions G* have a bound
52.,—3h

0 (%), see ref. 6. Finally the following results holds

h
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Lemma 6. If the functions v, i, are the same as in Lemma 7, it
holds that, for i =a,b,c,d

<c8i? (6.46)

Inserting all the above bounds in the Dyson equation (4.1) com-
puted at momenta |k;| =yh, i=1,2,3,4 we have completed the proof of
Lemma 3.

Lemma 6 is proved considering

84

G4 (k1. ka, k3, ka) = — 14
3¢k+1 Lo +’Ga¢]j3 g0y

. (647)
¢=0

where

W =log / P(df)e TP TIOHSTW)HS T34 T+ 20 [ X wix ot Iiodrol,

(6.48)
L. L~ Cilk—p) o o . .
T(y)= 73 Xp: XM(P)E Zk: W(‘ﬁli_k,al/fk_p#ﬁ)lﬁ;;_p,_,_{, Jiy 8- (Ka),
(6.49)
1 5 1 . . . .
)= 15 > Tn®) 75 DG/ S L Y 9y | %))
P k
(6.50)
1 . 1 . - . .
R =15 > T ®) 7 Y IV 8- (Ka).
P k
(6.51)
1 1 D_
Ts(W)=EZXM(P)ﬁZ D ?’; D Vi g )V o T8 (k).
P
(6.52)

D_(p)
T4(w>—LﬂZxM<p> ﬂZD = Q7R 7ol | /5 9y | )N

(6.53)
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It holds that

4,1

4 = - = = H.
4 i
G (ki, ky, k3, kg) —_/dpg_(k4)D+(p) (6.54)

Note that the expansion of Gi is very similar to the expansion of G*,
except for the presence of a special vertex associated to J. The proof of
the bound (6.46) is essentially identical to the one for the spinless case of
ref. 6, to which we refer for the technical details.

7. CORRELATION FUNCTIONS

Once that the multiscale analysis of the partition function is com-
pleted, it is possible to apply the same ideas and methods to the Grass-
mann integrals giving the Schwinger function or the correlations; as the
analysis is essentially identical to the one in ref. 4, we will give only the
main ideas referring to Section 5 of ref. 4 for details. The density-density
correlation can be written in terms of a Grassmann integral in the follow-
ing way

3’S
(pX)p(N)r =(pX)p()) — (p(X)) (p(¥)) = 600960 (7.1)
where
S(qs):log/P(dw)e—v—zafdx¢<x)w;0w;a (7.2)

We shall evaluate S in a way which is very close to that used for the
integration of the partition function in Section 2. We introduce the scale
decomposition described above and we perform iteratively the integration
of the single scale fields, starting from the field of scale 1.

After integrating the fields v, ... v *+D we find

eS@) _ = LBER+S"TD(9) / Pz, ., (dyr <MV W2 SP)+BO (VZiv SP.9)
(7.3)
where Pz, 5,.c,(dySM) and V" are given by (3.15) and (3.16), respec-

tively, while S“*D (¢), which denotes the sum over all the terms depen-
dent on ¢ but independent of the v field, and B® (y(SP ¢), which
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denotes the sum over all the terms containing at leasg one ¢ field and two
¥ fields, can be represented in the form, if [dx= 2, dxo> s
-3

S<h+”(¢)=2/dx1 e dX STV (X, Xi) |:l_[¢(xi):| (7.4)
m=1 i=1

00 o0
B(h) W(<h) ¢ Z Z /dxl cdXpdyy - 'dyZn

m=ln=10,@

m 2n
By g oK1 X Y1 Yn) |:H¢(Xi):| []_[ wy(ffi,-)""] (7.5)
i=1 i=1

Since the field ¢ is equivalent, from the point of view of dimensional con-
siderations, to two  fields, the only terms in the r.h.s. of (7.5) which are
not irrelevant are those with m=1 and n=1, which are marginal. Hence
we extend the definition of the localization operator £, so that its action
on BM (y(SM ¢) is described in the following way, by its action on the
kernels B’;h)zn M)(p,kl,... k)

(1) if m=1, n=1 then

LB ki k)=B{  (0;0,0) (7.6)
(2) L£=0 in all the other cases
It follows that
(1) (2)
VA VA
£B® (1//(@), ¢) = ZLhFl(gh) + ZLth(gh), (1.7)

where Z,(ll) and Z;(f) are real numbers, such that Zil) Z(z) 1 and

<h ; <+, (<hy—
FP -y / dxgp (x)Z P (S (S (7.8)
w,0

<h <hyo, (Sh)—
F = f dxg PSSy (S- (7.9)
o==1
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By using the notation of Section 2, we can write the integral in the
r.h.s. of (7.3) as

o LB / Py ¢, (@S VT SN STy S g

— o~ LB / Pz, \.Cpi (dw(éh—l))

X/ f—l(dlﬂ(h)) _V(h)(\/ Zp— lw(<h))+6(h)(mv/(<h) ®)
1 9

(7.10)
where VW (/Z,_ 1w (SM) is defined as in Section 3 and

BYZpiy P, ¢)=BP (JZ,p P ¢). (7.11)

BH=D(/Z 1w =D ) and S™(¢) are then defined through

e V' VW2 S0 BE(/Zy 9 (S D )~ LBE,+5M (9)

_pny <y BM (<

_/ @ e VO Zy 10 S+ BD (Y Zy 0P g)

(7.12)

Of course also the new renormalization constants related to the den-
sity-density correlation function obey to a Beta function equation of the
form

VA .
Tl 140, i=1,2, (7.13)
Z(l)
h
where z,(ll) and z(z) are some quantities of order g,. It turns out that
1
limy_ oo V'”h =1+ O(U) while limy,_, Zh_ 1+ 0U), with n; =—-bU +

O(U?) and b>0 is a suitable constant. The bounds for the expansion of
the Schwinger function or the correlation functions are done exactly as in
Section 5 of ref. 4; to the first term in (1.9) or to the first two terms in
(1.12) contribute only trees with only endpoints with scale <0; the other
trees have at least an endpoint at scale 1 so that by the short memory
property they have a faster decay.
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8. THE HUBBARD MODEL IN A MAGNETIC FIELD

We only sketch the analysis when there is a magnetic field as it is
indeed very similar to analysis of the vanishing magnetic field case.

The presence of a magnetic field destroys the SU(2) spin symmetry.
The counterterms are introduced by the following definition

f:t—ZSo cos pg = +sign (0)h — vy 8.1)
o
This means that V in the partition function (2.5) is replaced by

B/2 B/2
V=U / dxo Y U U U e+ / o dxo Y votd o Vo
- X,0

—B/2 x
B/2 Lo

—|—/ dXO Z (Sotx,ywx,awx,a (82)
—B/2 X,y,0

The ultraviolet and infrared integration are done as in §2,§3, with
the difference that for 2 <h only quartic monomials verifying || Z?:l giw;
p7 =0 (instead of (3.18)) are present in the effective potential. The defini-
tion of £ on the quartic terms is similar to (3.19) with the difference that
the delta function in the (3.19) is replaced by 8(2;‘:1 giw; py). This means
that the quartic marginal terms verify Z?:l giwj p';" =0 mod. 27 and this
condition forbids the configuration of w given by the second of (3.22), if
h is small enough, as pp(o) — pr(—0) +nmx #0; in other words there is
no the analogue of the gf-terms in the effective potential. Moreover we
are assuming in Theorem 2 that |cos™!(u+h)+cos~(u—h)—n|>C for
some constant C; this implies that the configuration (w, —w, ®, —®) is not
allowed.

The wave function renormalization depends by o, that is Z, =Z; ,,
and the relevant part of the effective potential is given by

YD (JZy—pSh)
:Z {(Sh’gFa’g(\/ml//(gh) +Vth,aFn,a(m1ﬁ(<h))
[

+g§h,0 FZ,(T,fa (\/ thl ‘[/(Sh) +g§),hyg FZ,(T,(T(V thl I/I(gh)
+84.0.0 Fa0,—0 ( Zn1 S (8.3)

There are then in the & # 0 case 4 quadratic and 6 quartic running
coupling constants; Theorem 3 is still valid if they are small enough.
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We can choose vy,8, so that vy 4, vh—,8h+,0n— are O(gyy®™); this is
shown by a fixed point argument essentially identical to Lemma 2. The
four quartic running coupling gil obeys to equations of the form, if
i =(20+), (20-), 2p+), 2Zp—), (4+), 4-)

g =g +BL+R, (8.4)

where B} is given by the sum of trees with no endpoints at scale i,
only g,’i propagators and no endpoints to which are associated vy, §; if
Vh.+» Vh,—, Oh 4, Op,— are O0(gry?") then, as in Section 5, R;, <Cgng.

The flow of the quartic running constants is even simpler as the one
in the h=0 case as | ,B;'ll <Cgng?". This can be proved as in §6 introducing
the following reference model, with

14:ZE:/lmlnlfdm¢<§:@m>{5ﬁ¢;@ﬁ¢@wﬁwgr&0%Q_Ma
w,0 i

o+ — + —
+g2,owk|,a),aI/sz,w,crwk;,fw,fﬂwkét,fw,fa
+ - + -
t 840 wkl,w,a I'”kz,a),a wk3,w,—0 wk4,w,—o'i| (85)
In this reference model the interaction has five independent parameters,
instead of three as in the previous case. We can analyze by RG the ref-
erence model and we get the couplings §f’27+,§f,2,_’§2,2,+’§Z,2,—’g/3,4,+’

g, 4 _- The proof that their values remains close to the initial value is
essentially identical to the analysis in Section 6; (8.6) is replaced by

+ — + —
(]/jkl,-ﬁ—,cr Ipk2,+,a I'0k3,—,—cr 1'//k4,—,—c7>T
2 _
=8—,—0o (k4){G—’—a (k3)[gg,g(l/f]::’+’g wkzy_l’_’gpk] 7k2,+,0‘>T
14 + —
+g2,—a(¢k1,+,o ¢k2,+,a pkl—kz»‘f‘»_a)T

+ —
+g4,—0(wk] ,+,0 I//1(2,<|>,(7'0k1_kZ,_v_o')T]

+ - + -
+/dp[ggﬂ(wkl,-ﬁ-ﬁl/jkz,-i-,dIﬂk,z,—,a 1/’k4—p,—,app,+,a>r
P + - + -
+/dpg2‘*6<wk1,+,dl//k2,+,awk3,—,awk4—p,—,gpp,+,—U>T

+ / dPg4,—a(W1:,+,g Wk_w_ﬁ w]j;’_hg wl;‘_pYJ’_’g pp,+,—0>T]} (87)

By using the Ward identities of Section 7 one gets that &), o g.,f)zi, 8o
82 _+8& 44> 8y 4 _ remain close to the initial value, and this implies that
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,3}1 is asymptotically vanishing. This means that in presence of a magnetic
field one has Luttinger liquid behaviour also with a attractive interaction;
of course this will be true only if # is non vanishing, and it is O (h%) for
some constant « >0 (in fact & is finite if Ip% —pr°1#£0).

APPENDIX A
A.1. Ultraviolet Decomposition

It is convenient to introduce an ultraviolet cut-off N by writing

N
gy =) " xy) (A.1)
n=0

where

e~ k(x—y)

n 1 7
§W =1z Y fuw Wy (ko) —

o —Teosk+T (A.2)
kD 1Ko —1COSK+1COSpF

with ho(ko) = x (ko) and h, (ko) = x(y "tko) — x (¥ "ko); it holds that

limy_ 00 gl M(x,y) =g“?)(x,y) and, for any integer K
Ck

12" (x, y)| < (A.3)

14 (y"xo — yol + [x —yDX

We define
1 ,
VvO@@)= lim log — / P(dylt-V) V@ 4e) (A4)
N—oo NO

We can integrate iteratively scale by scale, and after the integration of the
scales N,N—1,...,k+1 we get

VO (g)= lim 1ogi / P(dyH) V) (A.5)
N—o00 Nk

It is well known that V® can be written as sum over trees t similar to the
ones in Section 3 (see for instance %) for the analysis of the ultraviolet
problem in the Hubbard model in any dimension) each of them bounded
by, if m, is the number of endpoints of type U following the vertex v on t

C"[max(U, Il)|, |8|)]my—n(m—1) 1_[ y—('lv_"y/)(mv—l) (A6)

v
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One can have my, =1 only if v is a trivial vertex following the first
non trivial vertices on t; then the terms with m, =1 correspond to self-
contractions or tadpoles; note however that no divergence are associate to
self-contractions as g™ ™) (x, x) is bounded uniformly in N. Consider then
a generic tree with all the sets P, assigned; the simple expectations over
the trivial vertices in the tree with m, =1 before the first non trivial ver-
tex o can be explicitly computed, giving ¥y S yrg (S"9) g0 M) (x x): the
rest of the tree is bounded by an expression like (A.6) with m, > 1, so that
by summing over all the scales and the trees the bound (2.17) is found.

A.2. Spin Symmetry

Finally the symmetry property (2.18) follows from the SU(2) invari-
ance of the Hubbard model. A direct way to check this property consists
in expanding the truncated expectations corresponding to the integration
of YV in terms of Feynmann graphs. The interaction can be also writ-
ten in the following way, making more explicit the spin symmetry of the
Hubbard model

V= %/deZ (Z w}tad&,a) (Z w;fa’wx,o'/> +UZ/dx01/f;gw;g

+0) / dxo ) tey Vo Vyg (A7)
o X,0

As usual, the Feymann graphs are obtained representing as vertices the
three addenda in (A.7) with four or two oriented half-lines, and contract-
ing in all possible ways the half lines with consistent orientation; it is
also convenient to represent the quartic term as a couple of two half-
lines connected by a wigghly line, representing the interaction. The value
of each Feynmann graph is obtained associating to each line a propagator
g"v(x;y) and integrating over all the coordinates; the contributions from
graphs with four uncontracted half lines has in general the form

/dxl...fdxu/fjhgiﬁ;z’alﬂ;:ﬁ,w;’o,W(?’U,(xl,... x0)  (ASB)
In order to prove that the kernel is spin-independent, that is

Wa,a - Wa,—a (A9)
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we note that in the Feynmann graph we can identify a line of propagators
g"v(x,y) (possibly a point) connecting W;,a with Y¢ , and another line
connecting I/f;; o with 1//;3 o5 on such two lines there are points to which
are attached wiggly lines to which are attached the fields »_ . w(j,w‘ the

s
crucial point is that such expression does not depend from the fact that

it is connected by the wigghly line to a o or o’ line. Hence, the contri-

butions to Wéf)(), and Wé?),g can possibly differ only because in one case

there is a line of propagators o and in the other case —o; but the propa-
gators are spin-independent hence the values of such two contributions are
identical (and independent from o). The same argument can be repeated

to prove that Wéhg = Wg’lg, by performing a single scale integration with

propagator g(ZM(x,y).
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